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Motivation
 

Taylor rule: it = r∗t + πt + 0.5(πt − π∗) + 0.5ỹt (output gap)
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Motivation
 

Natural rate is defined as: r∗ = trend growth g + ‘other factor’ z

⇒ ‘other factor’ zt driving downward trend in r∗t
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Main results and contribution
 

Facts about HLW

• size of ‘signal to noise’ ratio λz = arσz
σỹ

drives downward trend in ‘other factor’ zt

• HLW use MUE in ”Stage 2” to estimate λz due to MLE’s ‘pile-up at zero’ problems

I show that

1) Stage 2 MUE procedure in HLW based on ‘unnecessarily’ misspecified model
⇒ λz cannot recover ‘signal to noise’ ratio of interest

ar σz
σỹ

2) HLW modify structural break regressions used in MUE as ‘auxilliary’ model
⇒ results in amplified sequence of F(τ) structural break statistics

⇒ 1) and 2) together lead to spurious/large estimates of λz, trend in zt, and hence r∗t

• ‘Correct’ Stage 2 MUE of λz close to zero and ‘highly insignificant’ for US, exactly
zero EA, UK, CA
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Does it Matter? Real rate and r∗ for the US
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Stock and Watson (1998): MUE overview
 

What is MUE? And why would you use it?

• MUE is fundamentally Indirect Estimation
– estimate ‘auxiliary’ model (or parameters thereof), then back out parameters of interest

• Stock and Watson (1998) introduced MUE for the ”… Estimation of Coefficient
Variance in a Time-Varying Parameter Model” when these are ‘small’

– when variance ‘small’, MLE can lead to ‘pile-up at zero’ problems

• Stock and Watson (1998) distinguish between two ML estimators
1) MPLE: estimates initial state vector with other unknown parameters

2) MMLE: uses ‘diffuse prior’, does not estimate initial value

• SW’s results show that ‘pile-up at zero’ frequencies very different for MPLE/MMLE

Cost of MUE

• Efficiency! Asymptotic Relative Efficiencies (AREs) deteriorate quickly with
increasing values of λ (see Table 2 in SW)

• for λ > 10, MMLE only needs about 2/3 of data
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Stock and Watson (1998): Empirical example
 

Estimation of U.S. trend growth per capita

GYt (400∆ ln(GPDt) follows Local Level Model (LLM) :

GYt = βt + ut (1a)

∆βt = (λ/T)ηt (1b)

a(L)ut = εt, ηt ∧ εt ∼ i.i.d. N(0, 1) (1c)

Relation between MUE λ and ‘signal-to-noise’ ratio

“…, λ is T times the ratio of the long-run standard deviation of ∆βt to the long run
standard deviation of ut.” (SW, p. 351).

λ = T
σ̄(∆βt)

σ̄(ut)
⇔ λ

T
= λz =

σ∆β

σε/a(1)
, (2)

Notation:

• σ̄(·) = long-run stdev., λz = λ/T as in HLW

• a(L) = 1 + a1L + a2L2 + a3L3 + a4L4 AR(4) lag polynomial, a (1) = 1 +
∑4

i=1 ai
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Stock and Watson (1998): Empirical example
 

MUE of λ from ‘auxiliary’ structural break regressions as in SW

1) fit AR(4) to GYt to remove serial correlation, compute (filtered) G̃Yt = â(L)GYt

2) test (filtered) G̃Yt for break in unconditional mean (Chow dummy regressions):

G̃Yt = ζ0 + ζ1Dt(τ) + ϵt, (3)

Dt(τ) = 1 if t > τ, 0 otherwise, τ = {τ0, τ0 + 1, τ0 + 2, . . . , τ1} grid points

3) construct {F(τ)}τ1
τ=τ0 sequence (F statistic on ζ̂1 for each τ) and then compute:

MW, EW, QLR from {F(τ)}τ1
τ=τ0 and Nyblom’s (1989) L statistic from CumSSq

4) use Table 3 look-up values in SW (p. 354) to ‘convert’ MW, EW, QLR and Nyblom’s
(1989) L break statistics into MUE’s of λ (λz)

5) given σ∆β = λ̂zσε/a(1) estimate LLM by KF(MPLE) including initial value of
state vector β00 (λ̂z = λ̂/T, where λ̂ computed in step 4 above)
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Stock and Watson (1998): Empirical example
 

Table 1: Replicated results of Tables 4 and 5 in Stock and Watson (1998)
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Table 1: Replicated results of Tables 4 and 5 in Stock and Watson (1998)
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Holston, Laubach and Williams (2017): Model
 

Model set-up
Holston et al.’s (2017) full ‘structural’ model of natural rate:

Inflation: bπ(L)πt = by ỹt−1 + επ
t (4a)

Output gap: ay(L)ỹt = ar (L) [rt − 4gt − zt] + ε
ỹ
t (4b)

Output trend: y∗t = y∗t−1 + gt−1 + ε
y∗
t (4c)

Trend growth: gt = gt−1 + ε
g
t (4d)

Other factor: zt = zt−1 + εz
t . (4e)

Notation:

• bπ(L) = (1 − bπ L − (1 − bπ)(L2 + L3 + L4)), ay(L) = (1 − ay,1L − ay,2L2),

ar (L) = ar
2 (L + L2), with ar (1) = ar , and εℓt ∼ N(0, σ2

ℓ )

• ỹt = yt − y∗t is the output gap

• r∗t = 4gt + zt is the natural rate

Note: MLE based σ̂g is larger than from MUE ⇒ Stage 1 in HLW is not needed
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Holston, Laubach and Williams (2017): Correct MUE Stage 2
 

Why is λz = arσz/σỹ in Stage 2 in HLW?

• assume ỹt, gt, ar (L) , ay(L) are known
• formulate LLM using output gap equation (4b) and ‘other factor’ equation (4e) as in
SW’s model in (1) :

analogue to GYt︷ ︸︸ ︷
ay(L)ỹt − ar(L)[rt − 4gt] =

βt analogue︷ ︸︸ ︷
−ar(L)zt +

ut︷︸︸︷
ε

ỹ
t (5a)

−ar(L)∆zt︸ ︷︷ ︸
∆βt analogue

= −ar(L)εz
t︸ ︷︷ ︸

(λ/T)ηt analogue

(5b)

• the ‘signal-to-noise’ ratio λz = λ/T for (5) corresponding to SW’s (2) is then:

λz =
λ

T
=

σ̄(∆βt)

σ̄(ut)
⇒ σ̄(−ar(L)∆zt)

σ̄(ε
ỹ
t )

=
ar(1)σz

σỹ
=

arσz

σỹ
(6)
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Holston, Laubach and Williams (2017): Stage 2 Model
 

Two main problems with Stage 2 MUE Implementation in HLW

1) HLW ‘unnecessarily’ define/estimate a misspecified Stage 2 model:

2) HLWmodify the ‘auxiliary model’s’ structural break regressions

1) & 2) together spuriously increase MUE of λz and hence downward trend in zt
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Two main problems with Stage 2 MUE Implementation in HLW

1) HLW ‘unnecessarily’ define/estimate a misspecified Stage 2 model:

Correctly specified HLWmisspecified

ay(L)ỹt = ar (L) [rt − 4gt] + ε̊
ỹ
t ay(L)ỹt = a0 + ar (L) rt + aggt−1 + ε̊

ỹ
t (7a)

y∗t = y∗t−1 + gt−1 + ε
y∗
t y∗t = y∗t−1 + gt−2 + ε̊

y∗
t , (7b)

where the misspecified ε̊
ỹ
t in (7a) is composed as follows (Stage 2 results):

ε̊
ỹ
t =

ε̊
ỹ
t necessary terms︷ ︸︸ ︷
− ar(L)zt + ︸ ︷︷ ︸

ν̊
ỹ
t

ε
ỹ
t −

unnecessary terms︷ ︸︸ ︷[
a0 + aggt−1 + ar(L)4gt

]
. (8)

2) HLWmodify the ‘auxiliary model’s’ structural break regressions

1) & 2) together spuriously increase MUE of λz and hence downward trend in zt
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Holston, Laubach and Williams (2017): Stage 2 Model
 

1) HLW’s MUE of λz cannot recover arσz/σỹ as claimed

• from LLM formulation of misspecified Stage 2 model we have:

misspecified analogue to G̃Yt︷ ︸︸ ︷
ay(L)ỹt − a0 − ar(L)rt − aggt−1 = −ar(L)zt + ν̊

ỹ
t

−ar(L)∆zt = −ar(L)εz
t .

• ratio λz = λ/T corresponding to (2) for the misspecified model is then:

λz =
λ

T
=

σ̄(−ar(L)∆zt)

σ̄(ν̊
ỹ
t )

=
ar(1)σz

σ̄(ν̊
ỹ
t )

=
arσz

σ̄(ν̊
ỹ
t )

. (9)

• denominator in (9) requires the evaluation of LR stdev σ̄(ν̊
ỹ
t ), upon rewriting:

ν̊
ỹ
t = ε

ỹ
t −

[
a0 +

(ag+4ar)
2 (gt−1 + gt−2) +

ag
2 ε

g
t−1

]
, (10)

even if (ag + 4ar) = 0 in (10), this yields σ̄(ν̊
ỹ
t ) =

arσz
(σỹ+agσg/2) ̸=

arσz
σỹ

.
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(σỹ+agσg/2) ̸=

arσz
σỹ
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Holston, Laubach and Williams (2017): Chow test regressions
 

2) Modification of ‘auxiliary’ model in structural break regressions

• Misspecified Stage 2 model
– HLW:

ˆ̃yt|T = a0 + ay,1 ˆ̃yt−1|T + ay,2 ˆ̃yt−2|T + ar
2 (rt−1 + rt−2) + ag

∼I(1)︷ ︸︸ ︷
ĝt−1|T + ζ1Dt(τ) + ϵt

– SW: G̃Yt︷ ︸︸ ︷(
ây(L) ˆ̃yt|T − â0 − âr(L)rt − âg ĝt−1|T

)
= ζ0 + ζ1Dt(τ) + ϵt

• Correct Stage 2 model
– HLW:

ˆ̃yt|T = ay,1 ˆ̃yt−1|T + ay,2 ˆ̃yt−2|T + ar
2 (rt−1 − 4ĝt−1|T + rt−2 − 4ĝt−2|T) + ζ0 + ζ1Dt(τ) + ϵt

– SW: G̃Yt︷ ︸︸ ︷(
ây(L) ˆ̃yt|T − âr (L) [rt − 4ĝt−1|T ]

)
= ζ0 + ζ1Dt(τ) + ϵt

Note:
• Stage 2 parameters ay1,2 and ar known before implementing Chow break tests to
get MUE of λz, there is no need to “estimate” them again

• gt−1 (and its estimate ĝt−1|T) is an I(1) variable, ⇒ affects Chow break mapping
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Holston, Laubach and Williams (2017): F(τ) Sequence for the US
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Stock and Watson (1998): Empirical example
 

Table 1: Replicated results of Tables 4 and 5 in Stock and Watson (1998)

(times series plot of SW’s trend growth estimates and estimates where MUE shrinks to 0)
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Holston, Laubach and Williams (2017): λz and break stats for the US
 

Table 2: Stage 2 MUE results of λz with corresponding 90% CIs, structural break test statistics and p−values

Stock and Watson (1998): Empirical example
 

Table 1: Replicated results of Tables 4 and 5 in Stock and Watson (1998)

(times series plot of SW’s trend growth estimates and estimates where MUE shrinks to 0)
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Holston, Laubach and Williams (2017): λz and break stats for the US
 

Table 2: Stage 2 MUE results of λz with corresponding 90% CIs, structural break test statistics and p−values
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Holston, Laubach and Williams (2017): Estimates for the US
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Holston, Laubach and Williams (2017): Estimates for the US
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Conclusion
 

Summary

• HLW’s MUE implementation cannot recover ‘signal to noise’ ratio from Stage 2

• leads to spuriously large estimate of λz, exacerbates downward trend in zt, r∗t
• λ̂z from correct MUE in Stage 2

– much smaller for US, ‘highly insignificant’

– exactly 0 for Euro Area, U.K. and Canada

– smoothed estimates of ‘other factor’ zt zero for all t

Broader issue

• policy rate ‘determines’ the natural rate in HLW (and similar models)

• do we really want to ‘smooth’ real rates to ‘measure’ the natural rate

• recoverability?
– 5 shocks in HLW, only 2 observables, shock of ‘other factor’ εz

t not recoverable

19



Conclusion
 

Summary

• HLW’s MUE implementation cannot recover ‘signal to noise’ ratio from Stage 2

• leads to spuriously large estimate of λz, exacerbates downward trend in zt, r∗t
• λ̂z from correct MUE in Stage 2

– much smaller for US, ‘highly insignificant’

– exactly 0 for Euro Area, U.K. and Canada

– smoothed estimates of ‘other factor’ zt zero for all t

Broader issue

• policy rate ‘determines’ the natural rate in HLW (and similar models)

• do we really want to ‘smooth’ real rates to ‘measure’ the natural rate

• recoverability?
– 5 shocks in HLW, only 2 observables, shock of ‘other factor’ εz

t not recoverable

19



Natural rates (smoohted) from HLW at different policy rates
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Appendix/Extra slides
 

Back to ’other factor’

Figure 1: Trend growth estimates
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Appendix/Extra slides
 

Back to Implementation

Break stats are calculated as:

MW =
1

Nτ

τ1∑
τ=τ0

F(τ) (11a)

EW = ln

(
1

Nτ

τ1∑
τ=τ0

exp
{

1
2

F(τ)
})

(11b)

QLR = max
τ∈[τ0,τ1]

{F(τ)}τ1
τ=τ0 , (11c)

where Nτ denotes the number of grid points in τ.
Nyblom’s (1989) L statistic computed via sum of squared cumulative sums of Yt as:

L = T−1
T∑

t=1

ϑ2
t /σ̂2

Y , (12)

where ϑt is the scaled cumulative sum of Ỹt = (Yt − µ̂Y ), ie., ϑt = T−1/2∑t
s=1 Ỹs.
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Back to Implementation
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Appendix/Extra slides
 

Stock and Watson (1998): Pile-up frequencies Back to why MUE

Lambda Lambda/T MPLE MMLE L MW EW QLR POI(7)

0 0.000 0.96 0.66 0.50 0.50 0.50 0.50 0.50

1 0.002 0.91 0.60 0.47 0.47 0.47 0.46 0.47

2 0.004 0.88 0.57 0.42 0.42 0.42 0.43 0.44

3 0.006 0.81 0.47 0.34 0.34 0.34 0.35 0.35

4 0.008 0.72 0.40 0.28 0.28 0.29 0.29 0.29

5 0.010 0.65 0.35 0.24 0.24 0.24 0.24 0.24

6 0.012 0.56 0.28 0.19 0.19 0.19 0.19 0.18

7 0.014 0.48 0.24 0.15 0.16 0.16 0.16 0.14

8 0.016 0.42 0.19 0.13 0.13 0.13 0.13 0.12

9 0.018 0.37 0.17 0.11 0.12 0.12 0.12 0.09

10 0.020 0.30 0.13 0.09 0.09 0.09 0.09 0.07

12 0.024 0.24 0.09 0.06 0.07 0.07 0.06 0.05

14 0.028 0.15 0.06 0.03 0.04 0.04 0.04 0.03

16 0.032 0.13 0.04 0.03 0.03 0.03 0.03 0.01

18 0.036 0.09 0.03 0.02 0.03 0.02 0.02 0.01

20 0.040 0.07 0.02 0.01 0.01 0.01 0.01 0.01

25 0.050 0.03 0.01 0.01 0.01 0.01 0.01 0.01

30 0.060 0.01 0.01 0.01 0.01 0.01 0.01 0.01

Lambda Lambda/T MPLE L MW EW QLR POI(7) POI(17)

1 0.002 0.130 1.000 1.000 1.000 1.000 1.070 1.070

2 0.004 0.190 1.090 1.070 1.070 0.960 1.070 1.020

NOTE: Entries for MPLE and MMLE for Lambda = 0 are from Shepard and Harvey (1990). Entries for other values 

of Lambda are estimated using 5.000 replications with T = 500. To facilitate the computations, the likelihoods 

were computed on a discrete grid of 240 equally spaced values 0 < Lambda < 60, and the MLEs were computed 

by a search over this grid. 
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• HLW do not estimate init.vals of state, use pre-sample data, set P00 = 0.2×identity

• ‘signal-to-noise’ ratio estimate too large to be consistent with ‘pile-up’ problems

• Stage 1: λ̂g = 0.0538, Stage 2: λ̂z = 0.0302, a priori, little reason to use MUE
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Back to why MUE
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Back to SW

Figure 2: SW98 Smoothed trend growth estimates of US real GDP per capita.
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Back to SW

Table 3: Broader replication results of Tables 4 and 5 in Stock and Watson (1998)
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Back to SW
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F(τ) EA: Back to US
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(a) HLW's (misspecified) Stage 2 model (right column block of equation 6)
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(b) Correct Stage 2 model (left column block in equation 6)

1972:Q1 1977:Q4 1983:Q4 1989:Q4 1995:Q4 2001:Q4 2007:Q4 2013:Q4 2019:Q4
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F(τ) UK: Back to US
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(a) HLW's (misspecified) Stage 2 model (right column block of equation 6)
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(b) Correct Stage 2 model (left column block in equation 6)
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F(τ) CA: Back to US
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(a) HLW's (misspecified) Stage 2 model (right column block of equation 6)
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(b) Correct Stage 2 model (left column block in equation 6)
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λz EA: Back to US
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λz UK: Back to US
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λz CA: Back to US

A-14



Natural rates (filtered) from HLW at different policy rates
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